
EFFECT OF SURFACE TENSION ON THE ONSET 

OF CONVECTION IN A LAYER OF LIQUID 

WITH A FREE SURFACE 

V. Kh~ I z a k s o n  

The problem of stability of a plane horizontal  layer  of liquid heated from below is considered 
with surface  tension at the upper surface taken into account. The problem is stated in 
section 1, proof of the existence of stability threshold is given in section 2, while section 3 
concerns the construct ion of neutral curves  by numerical  methods and with the stabilizing 
effect of surface tension on the state of equilibrium. 

The problem of convection onset  in a liquid layer  was considered in [1, 2] on the assumption that the 
free surface remains  unperturbed. The cr i t ica l  Rayleigh number R ,  = 1100 obtained there  is valid for 
liquid layers  of considerable thickness and strong gravitational fields, while the problem, as stated, ex-  
cludes the effect of surface tension. 

1. Equations and Boundary Conditions. A horizontal  layer  of liquid with free upper surface and 
bounded f rom below by a solid wall is placed in a gravitat ional  field. Let  us consider  the problem of 
equilibrium stability when the tempera ture  difference at the layer  boundary surfaces  is maintained constant. 
Equations of free convection are  of the form [3] 

OV 
o-7- + (v, V) v = -- Vp + Av -- GT.~ 

02' t 
@ vVT = --F AT,, div v = 0 

~ghZ6 v 
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(1.1) 

Here  v is the velocity vector ,  T is the temperature ,  p is the p ressure ,  G is the Grashof  number, P is 
the Prandtl  number, fl is the volumetr ic  expansion coefficient of the liquid, g is the f ree- fa l l  accelerat ion,  
6 is the difference of t empera tu res  at the upper and lower surfaces ,  h is the mean thickness of the liquid 
layer  assumed to be given and independent of time, u is the coefficient of kinematic viscosi ty ,  ~ is the coef-  
ficient of thermal  diffusivity, and the x 3-axis is directed downward. 

Surface tension at the free surface x 3 = r x2, t) is taken into consideration, and in accordance with 
[3] we assume fulfillment of the following conditions: 

O~q ) 02(P - i 

v . n =  l §  -ST' T=6~=const 
'V 2 a 

] 4, = --~- ,  S -- pgh~ 

(i.2) 

Here  r~ 0 is the external p ressure ,  Tik is the s t r e s s  tensor ,  n is a vector  normal  to the free surface,  F 
and S a re  dimensionless pa ramete r s ,  a is the coefficient of surface  tension, and p is density. 
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We a s s u m e  that  at the wall  x 3 = 1 the t e m p e r a t u r e  and adhes ion  

T = 61 = const, v = 0 (1.3) 

a r e  cons tant .  

Lot  us a s s u m e  that  the funct ions  v(x),  p(x),  and T(x), and r t) a r e  pe r iod ic  in d i r ec t ions  x 1 and 
x 2 with pe r i ods  L 1 = 2rr/ce 1 and L 2 = 2rr/ce2, r e s p e c t i v e l y ,  and that  the th ickness  of the liquid l a y e r  is constant ,  
i .e . ,  

L, L~ 

I (xl, t) = 0 (1.4) 
0 O 

and that  t h e r e  is no mot ion  of  the l iquid in any hor i zon ta l  d i r ec t i on  

L~ L.~ 1 

f i l vi(xl' x~, xa, t) dxldx2dx3 = 0  (i:=t,2) (1.5) 
0 0 

2. The L i n e a r i z e d  P r o b l e m .  The following solut ion 

v0 = 0, To = x3, P0 = - -  1/~Gxa 2, % ~ 0 (2.1) 

of  p r o b l e m  (1.1)-(1.3) c o r r e s p o n d s  to the equ i l ib r ium s ta te  of a l iquid hea ted  f r o m  below. 

Using the s m a l l - o s c i l l a t i o n s  me thod  we l i nea r i ze  s y s t e m  (1.1)-(1.3) in the ne ighborhood of  solut ion 
(2.1) and, a s s u m i n g  

v (x, t) = v (x) c:~, T (x, t) = T (x) e% p (x, t) = p (x) e% 

(x~, x~, t) = ~ (xl,  x~) e0~ 

e l imina te  t ime.  As  the r e s u l t  we obtain  the spec t r a l  p r o b l e m  

~ v = - - V p + A v - - G T T ,  ~ T - r - v ~ - - - ~ A T = O ,  d i v v =  0 (2.2) 

x 3 = O ,  T = - - %  v~=-.zq~, " q 3 = % ~ 0 ,  F % 3 = - q ~ - - S F \ b ~ ?  4 - ~  (2.3) 

x3 t, T = O ,  v = O  

As  the  s tab i l i ty  t h r e s h o l d  we c o n s i d e r  those  p a r a m e t e r  va lues  at which cr = 0 is a point  of the s p e c -  
t r u m  of p r o b l e m  (2.2), (2.3). As  to the o s c i l l a t o r y  ins tabi l i ty ,  it is only  known that  it is imposs ib l e  for  
F = 0 .  

A s s u m i n g  a = 0 in (2.2) and (2.3), e l imina t ing  vl, v2, p, and q~, and sepa ra t ing  v a r i a b l e s  

we obtain the fol lowing e igenvalue  p rob lem:  

L2v3 = --~a2T, LT = va (2.4) 

x~ = O, v a = O, Lv~ = O, ~'.~(1 4- a2~1) T = p.(DLv a -  2a~Dva) 

x a =  1, v~=O,  D y e = O ,  T = 0  (2.5) 
d F 

D = ~ , a 2 = a,~ + ~2 2, L = D ~ - : d ,  L = P G ,  ~ = T "  1 1 =  S F  

Problem (2.4), (2.5) differs from the similar problem in [4] by the positive factor 

The following t h e o r e m  can  be p r o v e d  in the s a m e  m a n n e r  as  in [4]. 

T h e o r e m  2.1. P r o b l e m  (2.4), (2.5) has  a s imp le  e igenva lue  X 1 for  a n y #  > 0 and ~ > 0. A pos i t ive  
e igenfunet ion  c o r r e s p o n d s  to that  e igenvalue ,  and in a c i r c l e  o f  r ad iu s  X i t he re  axe no o ther  e igenva lues  of  
p r o b l e m  (2.4), (2o5). 
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F o r  f ixed  (~ a n d  g ,  X 1 i s  a m o n o t o n i c a l l y  i n c r e a s i n g  f u n c t i o n  of  ~? and  the  
e s t i m a t e s  

2a sh a (sh 2a --  2cr (t ~- a~l) 
~'i (~ ,  .~t, ~]) ~ ~ [8/2 ch ~ (sh 2a - -  2a) - -  a~ (~ ch a + sh a)] 

~1 (~, ~, 0) ~ ~1 (a, 0, 0) 

a r e  v a l i d .  

3. N u m e r i c a l  C a l c u l a t i o n .  T h e  e i g e n v a l u e s  X 1 of  p r o b l e m  (2.4) ,  (2.5) w e r e  
n u m e r i c a l l y  d e t e r m i n e d  by t he  t r a n s c e d e n t a l  e q u a t i o n  

det A = 0 

w h e r e  A = (aik) i s  a f o u r t h - o r d e r  m a t r i x  w h o s e  e l e m e n t s  a r e  d e f i n e d  by  the  f o l l o w -  
ing  e x p r e s s i o n :  

a n = --3(1 ~ C&~l) ~ aia, ai~ = 6l(~,' ~ 2) 

aia = l[a(~,' + 2) + V~3b (~' - -  2)1 

ai4 = l [(~' -E 2)b - -  ~r3a(k' - -  2)], a~l = Rech ac ~- 2e a cos @0 

a2~ = - - I m s h a c ,  a ~ a =  2sh a c o s % ,  a ~ a =  2ch a s i n %  

aai = --Rechac,  - -  2e -~ cos ~i, aa~ =- Imsh ac 

a~a = - -e  a cos % -~ e -a cos ~l, aaa = e a sin ~ ~- e -a sin Ti 

aai = Re(c ch (zc) - -  2e a (a cos ~ - -  b sin (R), a~2 = Im(c chac)  

aaa = - -e  a (a cos (pc - -  b sin ~e) - -  e -a (a cos r -~ b sin ~i) 

~ = e ~ (a sin ~ + b sin (Pi) - -  e-a (a sin (p~ - -  b cos (p~) 

~/= (;~ /~z, )w,  c = (1  - -  ~.),i, 

a = P / s  (V  (~,' -5 2) ~ § 3~,'~ / -  ~,' -t- 2)1'/,  

b = [~/s ( V-(~,' q- 2) ~ -4- 3~, '~ - %' - 2)1 '/~ 

Le t  us  d e n o t e  m i n ~  2`1(~, ~t, ~?) by 2`, (~ ,  ~?), a n d  t he  p a r t i c u l a r  v a l u e  of ~ a t  wh ich  t h i s  m i n i m u m  o b -  
t a i n s  by ~ .  ( p ,  ~?). C u r v e s  of f u n c t i o n s  2`1 ( c ~ , g ,  7), c a l c u l a t e d  f o r  f i xed  ~? a n d / ~ ,  a r e  c a l l e d  n e u t r a l c u r v e s .  

Wi th  t he  u s e  of the  p e r t u r b a t i o n  t h e o r y  i t  i s  p o s s i b l e  to show t h a t  2`1 (0, g ,  ~?) i s  i n d e p e n d e n t  of 7, i . e . ,  

2,1 (0, ~ ,  ~?) = X 1 (0 ,p ,  0), an d  i n  a c c o r d a n c e  wi th  [4] 

x~ C0, ~, o) = % 1  ~-~ 

of  # h a v e  a c o m m o n  po in t  a t  ~ = 0. 

If  t h i s  v a l u e  i s  g r e a t e r  t h a n  k . ( 0 , 0 )  = 1100.65 [1], i . e . ,  fo r  g > p .  = (40 /11)  2`*-1(0,0), t he  s t a b i l i z i n g  
e f f e c t  of  s u r f a c e  t e n s i o n  c o n s i s t s  in  t h a t  X .  ( ~ ,  ~?) and  ~ .  (# ,  ~?) i n c r e a s e  w i th  i n c r e a s i n g  ~ a n d  t end ,  
r e s p e c t i v e l y ,  to 2`. (0,0) an d  a .  C0,0) a s  s h own  in  F ig .  1. 
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F o r p >  /~, we have we have  k l  (0, #,~7) < k .  (0,0)  and t h e r e  ex i s t s  an ~ = iT. (/~) such that  
k ,(/~, ~?) = 40 /11  ~-1 and c~. ~ ,  ~?,) = 0o Such neut ra l  c u r v e s  a r e  shown in Fig~ 2o The c u r v e  of funct ion 
~?,(p ) is p lot ted in Fig~ 3~ Note that  fo r  suff ic ient ly  g r e a t  V a n d #  > /~, the neut ra l  c u r v e s  have loca l  
m i n i m a  c lose  to the m i n i m u m  of c u r v e  k 1 (o~, 0, 0). 

The e x p r e s s i o n  for  p a r a m e t e r  ~ conta ins  the number  Fo Since for  suff ic ient ly  thick l iquid l a y e r s  in 
s t rong  g rav i t a t iona l  f ields this  number  is negl igibly smal l ,  the ef fec t  of su r f ace  t ens ion  on the s ta te  of equ i -  
l i b r i um of a l iquid l aye r  need not be taken into cons ide ra t ion .  An example  in which p a r a m e t e r s  /~ and 
m u s t  be taken into account  is g iven below~ 

F o r  a 1 - r n m - t h i c k  l aye r  of  g l y c e r i n  ~ = 0.007 and ~? = 30, and convec t ion  m u s t  begin at Ray le igh  
number  R ,  = 500 with the wave number  ~ = 0, not at  R = 400 and c~ = 2.2, as  s ta ted  in [4]. 

io 

2. 
3~ 
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